Poly-Bernoulli polynomials of the second kind were introduced in Kim et al. (Adv. Differ. Equ. 2014:219, 2014) as a generalization of the Bernoulli polynomial of the second kind. Here we investigate those polynomials and derive further results about them by using umbral calculus.
Introduction
Following Kaneko [] , the poly-Bernoulli polynomials have been studied by many researchers in recent decades. Poly-Bernoulli polynomials B (k) n (x) were defined as Poly-Bernoulli polynomials of the second kind were introduced as a generalization of the Bernoulli polynomial of the second kind (see [] ). The aim of this paper is to use umbral calculus to obtain several new and interesting explicit formulas, recurrence relations and identities of poly-Bernoulli polynomials of the second kind. Umbral calculus has been used in numerous problems of mathematics. Umbral techniques have been of use in different areas of physics; for example it is used in group theory and quantum mechanics by Biedenharn et 
Let be the algebra of polynomials in a single variable x over C and let * be the vector series in a single variable t to be
The formal power series in the variable t defines a linear functional on by setting f (t)|x n = a n , for all n ≥  (see [-] ). Thus
H is thought of as a set of both formal power series and linear functionals. We call H the umbral algebra. The umbral calculus is the study of the umbral algebra. Let f (t) be a non-zero power series, the order O(f (t)) is the smallest integer k for which the coefficient of
called a delta (respectively, an invertable) series. Suppose that f (t) is a delta series and g(t) is an invertable series, then there exists a unique sequence s n (x) of polynomials such that
, where p (k) () denotes the kth derivative of p(x) with respect to x at x = . Therefore,
It is immediate from (.) and (.) to see that b
and f (t) = e t -, that is,
The aim of the present paper is to present several new identities for the poly-Bernoulli polynomials by the use of umbral calculus.
Explicit expressions
Before proceeding, we observe that
where S  (n, k) is the Stirling number of the second kind, which is defined by the identity
Thus,
Now, we are ready to present several formulas for the nth poly-Bernoulli polynomials of the second kind.
Proof Since x n ∼ (, t) and
Thus, by (.) we have
which completes the proof.
Let S  (n, k) be the Stirling number of the first kind, which is defined by the identity (x) n = n j= S  (n, k)x k . Now, we are ready to present our second explicit formula.
Thus, by (.) and using the arguments in the proof of Theorem ., we obtain the required formula.
For the next explicit formula, we use the conjugation representation, namely (.).
Proof By (.) and (.), we have b
In order to state our next formula, we recall that
n (x) is the Bernoulli polynomial of the second kind, which is given by the generating function
where B (k)
n (x) is the nth poly-Bernoulli polynomial.
Proof From the definitions, we have
Since B
n (x) is the poly-Bernoulli polynomial given by the generating function
, we have
n-(x) . By the fact that f (at)|p(x) = f (t)|p(ax) for constant a (see
Note that
n+-(-)), which leads to
Proof By using a similar argument as in the proof of Theorem ., we obtain 
Recurrence relations
By (.) we have b
, e t -) with
The aim of this section is to derive recurrence relations for the poly-Bernoulli polynomials of the second kind. As first trivial recurrence, by using the fact that if
n- (x), and hence b
n- (x). Our next results establish other types of recurrence relations.
S n (x). Hence, by (.), we have
where  -
has order at least one. Thus, by (.), we get
where
Proof We proceed in the proof by using the fact that if S n (x) ∼ (g(t), f (t)) then
By (.), we have f (t)|x n-= log( + t)|x n-, which leads to
Proof Let n ≥ . Then (.), we have
The first term in (.) is given by
For the second term in (.), we note that
which has order at least zero. So, the second term in (.) is given by
By substituting (.) and (.) into (.), we complete the proof.
Identities
In this section we present some identities related to poly-Bernoulli numbers of the second kind. n-m , which leads to the following identity.
